ABSTRACT. It is proved that for any entire function / of finite nonzero order there is a set S in the plane with density zero and such that for any a € C almost all the roots of the equation /(ζ) = α belong to S. This assertion was deduced by Littlewood from an unproved conjecture about an estimate of the spherical derivative of a polynomial. This conjecture is proved here in a weakened form.
§1. Introduction
For a meromorphic function /, denote by pj its spherical derivative, Let D{z,R) = {w € C: \w -z\ < R} and D(R) = D(0,R), and let m 2 be Lebesgue measure on the plane C. In [1] Littlewood considered the quantities <p(n) = sup pp dm 2 -sup sup -11 pp dm 2 
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Here the supremum is over all polynomials Ρ of degree η, η = 1,2,···. The analogous quantities for rational functions will be denoted by il>{n). It follows from the SchwartzBunyakovskii inequality that 4>{n) < I dm 2 · sup / / pj / / p}dm 2 
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The second integral is none other than the spherical area (with multiplicity counted of the image of the disk D(l) under the action of a rational function of degree n. Thus, this integral does not exceed ττη, and we get that <p{n) < tl>(n) < iryfii.
(1.1) strengthened for φ{ή). It was conjectured in [1] and for any a all the roots of the equation e z = a fall in S with finitely many exceptions. In this article we prove this corollary (Theorem 2) and get the estimate <p(n) =• o{yjn), η -> oo (Theorem 1). Theorems 1 and 2 are contained in § §3 and 4, respectively. The proofs of both theorems use two lemmas from potential theory which are contained in §2. These lemmas may also be of independent interest. §2 PROOF Assume that G and u are bounded. The transition to the general case does not involve difficulties. We take Ε to be the set of points of density of Ν which belong to N. Let L -N\E. By Lebesgue's theorem (see, for example, [3] ), m 2 L = 0.
We show that μΕ = 0. Fix a point ZQ € Ε and an arbitrarily small number ε > 0. Let ro, 0 < ro < ε, be such that D(zo,ro) C G and Thus, each point z$ G Ε can be included in a disk D{ZQ, R{ZQ)) such that μϋ(ζο, R{ZQ)) < e 3 (R(z 0 )) 3 , and R{z 0 ) < ee~3 for all ZQ e E. According to a theorem on coverings (see, for example, [3] , p. 5). there exists a countable covering of Ε by these disks with multiplicity at most six:
We have that
Since ε > 0 is arbitrary, this leads us to conclude that μΕ = 0, which is what was required to prove. We show the connection between Lemma 1 and [4] [6] . Let flbea domain having a Green's function, and assume that ooGD. Extending to C\D the Green's function with a pole at oo by assigninig the value zero, we get a function u > 0 which is subharmonic in C. The Riesz measure μ of this function coincides with the harmonic measure at oo with respect to D. In this case Lemma 1 becomes a result of 0ksendal (see [4] and [5] ) asserting that the harmonic measure μ and Lebesgue measure m<i are mutually singular. If it is assumed in addition that D is simply connected, then a stronger result is known [6] : μ is singular with respect to the Hausdorff measure m\ +E for any ε > 0.
The following ''stable" variant of Lemma 1 appears to be plausible. Simple examples show that this conjecture can be true only for β < 1/2. It is possible to deduce (1.2) with any a < 1/2 -β/2 from our conjecture by the method used below in proving Theorem 1.
To formulate the next lemma we require some definitions. Fix a number C > 0 and denote by U the set of functions u subharmonic in D{2) with the properties u(z) < C, ζ < 2, and u(0) > -C.
The following facts from potential theory can be found, for example, in [7] and [8] . The set U is a compact subset of the space L 1 -L 1 (D(2),dni2)-All the topological terms below relate to the topology of L l unless otherwise stated. The convergence u n -» u implies weak convergence of the associated measures in the Riesz sense: μ η -> μ. This means that D (2) for each continuous function g with compact support in D (2) . If μ η -* μ, then lim n _ 00 μ η Κ < μΚ for each compact set Κ C D{2).
The subset U + C U consisting of nonnegative functions is closed in U; hence it is compact. Let ε = πήη(ει,ε 2 ,ει5/4). UveU, \\u -v\\ < ε, then (2.4) holds because of (2.10). Moreover, 2 -Further, the image of M n under the mapping P n is contained in the exterior of the disk of radius \fe 2ne -1 about zero. Therefore, the spherical area of this image (with multiplicity taken into account) tends to 0 as η -* oo along the chosen sequence. Hence, by (3.1),
But (3.5) and (3.6) contradict (3.2). 2°. C n -* +oo. Then it follows from the Cartan-Ahlfors lower estimate for the potentials (see, for example, [8] or [7] ) that for sufficiently large η in the chosen sequence We remark that a stronger assertion than Theorem 2 both about the characteristic of S and about an estimate for the remainder is deduced in [1] from the conjecture (1.2).
PROOF OF THEOREM 2. We use the notation x + = max(z,0) and x~ = (-z) + . Let EL(/) be the set of α € C such that Choose a sequence δ η -* 0 decreasing so slowly that and, moreover, by (4.6),
(4.9)
Using the inequality log" 1 " \a + b\ < log + \a\ + log" 1 " |i»| + log2 and (4.5), we get that
for ζ Ε D{2) and η > n o (a) . By (4.10) and (4.8), for any a e Q we have that
from some index on. Now let S n = {ζ:
In view of (4.9)
Therefore, the set S® has zero density. We now consider the countable family of sets Q k = {aE C: \c\ < k, \a -which together cover the whole plane C except for the point 1. We choose an increasing sequence of positive numbers (r&), r;t -> oo, such that Finally, adding to S o the set f~1{E L (f) U {1}) of measure zero (by (4.2)), we get the desired set S. The theorem is proved.
